Using the idea of weighted sharing, we prove some results on uniqueness of meromorphic functions with three weighted sharing values. The results in this paper improve those given
Introduction and main results
In this paper, by meromorphic functions we will always mean meromorphic functions in the complex plane. We adopt the standard notations in the Nevanlinna theory of meromorphic functions as explained in [4, 6, 12] . It will be convenient to let E denote any set of positive real numbers of finite linear measure, not necessarily the same at each occurrence. For any nonconstant meromorphic function h(z), we denote by S(r, h) any quantity satisfying
S(r, h) = o T (r, h) (r → ∞, r / ∈ E).
Let f and g be two nonconstant meromorphic functions and let a be a finite complex number. We say that f and g share a CM, provided that f − a and g − a have the same zeros with the same multiplicities. Similarly, we say that f and g share a IM, provided that f − a and g − a have the same zeros ignoring multiplicities. In addition, we say that f and g share ∞ CM, if 1/f and 1/g share 0 CM, and we say that f and g share ∞ IM, if 1/f and 1/g share 0 IM (see [13] ). We say that a(z) is a small function of f, if a(z) is a meromorphic function satisfying T (r, a(z)) = S(r, f ) (see [13] ). In this paper, we also need the following two definitions.
In 2005, T.C. Alzahary proved the following result, which improved Theorems A-B and dealt with Questions 1.1-1.2. [2] .) Let f and g be two distinct nonconstant meromorphic functions such that f and g share (a 1 , 1), (a 2 , ∞) and (a 3 
Theorem C. (See
, and f and g are given by one of the following three expressions:
, where 1 − 1/a is an exponential function if and only if f and g share 0, 1, ∞ CM; 
In this paper, we will prove the following result, which improves Theorems D-E. 
and let a = a(z) ( ≡ 0, 1, ∞) be a small meromorphic function of f and In this paper, we will prove the following result, which improves Theorem F. In the same paper, T.C. Alzahary proved the following result, which gave a partial answer to Question 1.3. [2] .) Let f and g be two distinct nonconstant meromorphic functions such that f and g share 0, 1, ∞ CM. 
Theorem G. (See
In particular, if a is a rational function, then (1.3) holds. 
Recently, I. Lahiri and N. Mandal proved the following two results, of which Theorem H completely answered Question 1.3. [7, Theorem 2.5] .) Let f and g be two distinct nonconstant meromorphic functions such that f and g share 0, 1, ∞ CM, and let a = a(z) be a nonconstant small function of f and g. Then N 2) (r, 1/(f − a)) = T (r, f ) + S(r, f ), except possibly for one of the following three cases:
Theorem H. (See
where β is a nonconstant entire function such that e β is a small function of f and g. [7, Theorem 2.6] .) Let f and g be two distinct nonconstant entire functions such that f and g share 0, 1 CM, and let a = a(z) be a nonconstant small function of f and
Theorem I. (See
, where β is a nonconstant entire function such that e β is a small function of f and g.
In this paper, we will prove the following two theorems, which improve Theorems H and I, respectively. 
The following result improves Theorem 2.1 in [7] . 
or f and g assume one of the following six relations:
, where a ≡ −1; 
We discuss the following five cases. Since
from (2.6), (2.7) and the condition that f and g share 1 IM, we have
From (2.6) and f ≡ g, and the condition that f and g share 1 IM, we deduce
We discuss the following two subcases. Again from (2.12) and the condition that f and g share 1 IM, we deduce
From (2.8), (2.13), (2.14) and Nevanlinna's three small functions theorem, we deduce
From (2.15) we deduce 
From (2.17), the condition f ≡ g and the condition that f and g share 0 IM, we deduce
and
Since (2.17) can be rewritten by
From (2.18), (2.20) and the condition that f and g share 0 IM, we deduce
We discuss the following two subcases.
Subcase 2.1. Suppose that (A 2 − (a − 1))/A 2 ≡ a. Then A 2 = −1, and from the right equality of (2.21) we get the left equality of (2.14). Moreover, (2.17) can be rewritten by 
Case 5. Suppose that
From (2.5) we deduce
By differentiating both sides of (2.28) two times, we get
We discuss the following three subcases. 
(2.31)
Then from (2.31) we deduce
From (2.25) and (2.32) we deduce
From (2.33) we deduce
where A 3 ( = 0) is a finite complex number. From (2.34) we deduce 
, from (2.37) and the condition that f and g share ∞ IM, we deduce (A 3 a)/(a − 1) ≡ 1, and so it follows by (2.37) that f ≡ g, this is a contradiction. Thus
Since (2.37) can be rewritten by
from (2.39) and Lemma 2.1 we deduce 43) . First, we will prove (2.11). In fact, from (2.29) and (2.30) we deduce
where
Substituting (2.44) into (2.28) we deduce
From (2.4), (2.31), (2.46), (2.47) and the lemma of logarithmic derivative, we deduce
On the other hand, from (2.4) we get
Noting that h/α ≡ 1, from (2.49) and the second fundamental theorem, we deduce
From (2.50) we deduce
From (2.27), (2.28), (2.45), (2.48), (2.51), the condition a ≡ 0, 1, ∞, and the condition that f and g share 0, 1, ∞ IM, we deduce (2.11). Similarly, from D 1 ≡ 0 we get a 2 and a 3 ( ≡ a 1 , a 2 ) be small functions of h 1 and h 2 , and let [7, proof of Lemma 3.9] .) Let f and g be two distinct nonconstant meromorphic functions such that f and g share (0, k 1 ), (1, k 2 ) and (∞, k 3 ) , where k 1 , k 2 and k 3 are three positive integers satisfying (1.2) , and let a = a(z) ( ≡ 0, 1, ∞) be a small meromorphic function of f and g. Then
Lemma 2.6. (See
(i) If f = ag, then (iii) of Theorem D holds; (ii) If f + (a − 1)g ≡ a, then (ii) of Theorem D holds; (iii) (f − a)(g + a − 1) ≡ a(1 − a), then (i) of Theorem D holds.
Proof of theorems
Proof of Theorem 1.1. If f and g are given by one of the three expressions (iii), (iv) and (vi) of Lemma 2.4, then from Lemma 2.6 we get the conclusion of Theorem 1.1. Next we suppose that none of (iii), (iv) and ( Let α and h be defined by (2.3). If one of α, h and α/ h is a constant, then from (2.3) and the condition f ≡ g we deduce that f and g share 0, 1, ∞ CM. From this and Theorem D we get the conclusion of Theorem 1.1. Next we suppose that none of α, h and α/ h is a constant. Again from (2.3) and Lemma 2.1 we get (2.4) and (2.5). Since (2.5) can be rewritten by
where 
Case 1. Suppose that

T (r, h) = S(r, f ). (3.4)
Since (2.7) holds, from (2.7), (3.4) and the condition that f and g share 1 IM, we have (2.8). From (2.4), (2.8) and
If a ≡ h, then we have (i) of Lemma 2.6, and so we get (iii) of Theorem D. Next we suppose that a ≡ h. Combining (2.8), (3.5) and Nevanlinna's three small functions theorem, we deduce (2.15). From (2.15) and (3.1) we get a contradiction.
Case 2. Suppose that
T (r, α) = S(r, f ). (3.6)
From (3.6), the equality α − 1 = (f − g)/(g − 1) and the condition that f and g share 0 IM, we have
From (2.4), (3.7) and the equality f − (1 − α) = gα, we have
we deduce (ii) of Lemma 2.6, and so we get (ii) of Theorem D. Next we suppose that a ≡ 1 − α. Combining (3.7), (3.8) and Nevanlinna's three small functions theorem, we deduce (2.15). From (2.15) and (3.1) we get a contradiction.
Case 3. Suppose that
First, from (2.3), (3.9) and the equality γ 0 = α/ h we deduce (2.37) and (2.38). Since (2.37) can be rewritten by 10) from (3.9), (3.10) and Lemma 2.1 we deduce 
If f and g satisfy (ii) of Theorem D, then N(r, 1/f ) = S(r, f ). Combining (3.12) and Nevanlinna's three small functions theorem, we deduce
If f and g satisfy (iii) of Theorem D, then N(r, 1/(f − 1)) = S(r, f ). Combining (3.12) and Nevanlinna's three small functions theorem, we deduce 
Applications of main results
We recall three previous results due to Yi (a 1 , 1), (a 2 , m) and (a 3 , k) , where {a 1 , a 2 holds, or f and g assume one of the following three relations:
